Abstract. We apply the technique of integrable extensions to the symmetry pseudogroup of the r-th mdKP equation. This gives another look on deriving known coverings and allows us to find new coverings for this equation.
Introduction
Many useful methods to study nonlinear partial differential equations (pdes) such as inverse scattering transformations, Bäcklund transformations, recursion operators, nonlocal symmetries and nonlocal conservation laws, can be successfully described in the framework of the theory of coverings, [22, 23, 24, 25] . Consequently, a problem to find a covering for a given pde is of a significant importance. A number of techniques have been devised to handle this problem, [45, 12, 10, 18, 30, 31, 40, 19, 37, 38, 46, 43, 29, 16, 17] . In [28] , examples of coverings of pdes with three independent variables were found by means ofÉlie Cartan's method of equivalence, [5, 6, 7, 8, 15, 20, 39] . This approach was developed in [34, 35, 36] , where it was shown that for a number of pdes their coverings can be inferred from invariant linear combinations of Maurer-Cartan (mc) forms of the contact symmetry pseudo-groups of the pdes. The aim of the present paper is to make the method of [34, 35, 36] more systematic. We apply the technique of integrable extensions of exterior differential systems, [4, §6] , to mc forms of the symmetry pseudogroup of the r-th modified dispersionless Kadomtsev-Petviashvili equation, [1] , and derive the known coverings, [14, 9, 21, 11, 36] , and three new coverings.
Preliminaries

Coverings of PDEs
Let π ∞ : J ∞ (π) → R n be the infinite jet bundle of local sections of the bundle π : R n × R → R. The coordinates on J ∞ (π) are (x i , u I ), where I = (i 1 , ..., i k ) are symmetric multi-indices, i 1 , ..., i k ∈ {1, ..., n}, u ∅ = u, and for any local section f of π there exists a section j ∞ (f ) : R n → J ∞ (π) such that u I (j ∞ (f )) = ∂ #I (f )/∂x i 1 ...∂x i k , #I = #(i 1 , ..., i k ) = k. The total derivatives on J ∞ (π) are defined in the local coordintes as
We have [D i , D j ] = 0 for i, j ∈ {1, ..., n}. A differential equation F (x i , u K ) = 0 defines a submanifold E ∞ = {D I (F ) = 0 | #I ≥ 0} ⊂ J ∞ (π), where
• D i k for I = (i 1 , ..., i k ). We denote restrictions of D i on E ∞ asD i . In local coordinates, a covering over E ∞ is a bundle E ∞ = E ∞ × V → E ∞ with fibre coordinates v α , α ∈ {1, ..., N} or α ∈ N, equipped with extended total derivatives
In terms of differential forms, the covering is defined by the forms, [45] ,
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whereθ I are restrictions of contact forms ϑ I = du I − u I,k dx k on E ∞ .
Cartan's structure theory of Lie pseudo-groups
Let M be a manifold of dimension n. A local diffeomorphism on M is a diffeomorphism Φ : U → U of two open subsets of M. A pseudo-group G on M is a collection of local diffeomorphisms of M, which is closed under composition when defined, contains an identity and is closed under inverse. A Lie pseudo-group is a pseudo-group whose diffeomorphisms are local analytic solutions of an involutive system of partial differential equations. Elie Cartan's approach to Lie pseudo-groups is based on a possibility to characterize transformations from a pseudo-group in terms of a set of invariant differential 1-forms called Maurer-Cartan forms. In a general case mc forms ω 1 , ..., ω m of a Lie pseudogroup G on M are defined on a direct productM × G, where µ :M × G → M is a bundle, m = dimM , G is a finite-dimensional Lie group. The forms ω i are semi-basic w.r.t. the natural projectionM × G →M and define a coframe onM , that is, a basis of the cotangent bundle ofM. They characterize the pseudo-group G in the following sense: a local diffeomorphism Φ : U → U on M belongs to G whenever there exists a local diffeomorphism Ψ : V → V onM × G such that µ • Ψ = Φ • µ and the forms ω j are invariant w.r.t. Ψ, that is,
Expressions of exterior differentials of the forms ω i in terms of themselves give Cartan's structure equations of G:
Here and below we assume summation on repeated indices. The forms π α , α ∈ {1, ..., dim G}, are linear combinations of mc forms of the Lie group G and the forms ω i . The coefficients A i αj and B i jk are either constants or functions of a set of invariants
In the latter case, differentials of U κ are invariant 1-forms, so they are linear combinations of the forms ω j ,
where the coefficients C κ j depend on the invariants U 1 , ..., U l only. Eqs. (3) must be compatible in the following sense: we have
therefore there must exist expressions
Symmetries and coverings for the r-th mdKP equation 4 with some additional 1-forms χ λ and the coefficients W α λj to Z α jk depending on the invariants U κ such that the right-hand side of (5) appear to be identically equal to zero after substituting for (3), (4), and (6). Also, from (4) it follows that the right-hand side of the equation
must be identically equal to zero after substituting for (3) and (4).
The forms π α are not invariant w.r.t. the pseudo-group G. Respectively, the structure equations (3) are not changing when replacing π α → π α + z α j ω j for certain parametric coefficients z α j . The dimension r (1) of the linear space of these coefficients satisfies the following inequality
where the reduced characters σ k are defined by
with the matrices A k inductively defined by 
, is called a contact transformation if for every contact 1-form ϑ the form ∆ * ϑ is also contact. We denote by Cont(J 2 (π)) the pseudo-group of contact transformations on J 2 (π). Consider the following 1-forms
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As it is shown in [33] , the forms (9) are mc forms for Cont(J 2 (π)), that is, a local diffeomorphism ∆ :
, and ∆ * Θ ij = Θ ij if and only if it is projectable on J 2 (π), and its projection ∆ :
is a contact transformation. The structure equations for Cont(J 2 (π)) have the form
where the additional forms Φ
, and Θ ijk depend on differentials of the coordinates of H.
Example 2. Suppose E is a second-order differential equation in one dependent and n independent variables. We consider E as a submanifold in J 2 (π). Let Cont(E) be the group of contact symmetries for E. It consists of all the contact transformations on J 2 (π) mapping E to itself. Let ι 0 : E → J 2 (π) be an embedding, and
The mc forms of Cont(E) can be computed from the forms θ 0 = ι
, and θ ij = ι * Θ ij by means of Cartan's method of equivalence, [5, 6, 7, 8, 15, 20, 39] , see details and examples in [13, 32, 33] .
3. Cartan's structure of the contact symmetry pseudo-group for r-mdKP
The r-th mdKP
2 − r u y u xx , r ∈ Z\{2}, was derived in [1] . For a convenience of computations we use the following change of variables:
where r ∈ {1, 2, 3}. Then we havẽ
We drop tildes and denote κ = r 1−r ; this yields
The exceptional cases r = 2 and r = 3 correspond to κ = −2 and κ = − , respectively. We will not consider the case of r = 1. The case of κ = −1 is exceptional, too, since r → ∞ when κ → −1. In the cases of κ = 0, κ = 1, and κ = −1 Eq. (10) gets the forms of the mdKP equation, [28, 26, 27] , the dBKP equation, [42, 21] , and the equation describing Lorentzian hyper-CR Einstein-Weil structures, [11, 14] .
where the invariants
and where
We need not explicit expressions for the other mc forms in the sequel.
For κ = −1, we get
where the invariant
satisfies dU = − 
Integrable extensions
In [4, §6] , the definition of integrable extension of an exterior differential system is designed to study finite-dimensional coverings. In general case, coverings of pdes with three or more independent variables are infinite-dimensional, [29] . To cope with infinitedimensional coverings we use a natural generalization of the definition. Suppose G is a Lie pseudo-group on a manifold M and ω 1 , ... , ω m are its mc forms with structure equations (3), (4) . Consider a system of equations
with unknown 1-forms τ q , q ∈ {1, ..., Q}, η ρ , ρ ∈ {1, ..., R}, and unknown functions V ǫ , ǫ ∈ {1, ..., S} for some Q, R, S ∈ N. The coefficients D (17), (18) is an integrable extension of system (3), (4), if Eqs. (17) , (18), (3), and (4) together satisfy the compatibility and involutivity conditions.
In this case from Cartan's third fundamental theorem for Lie pseudo-groups it follows that there exists a set of forms τ q and functions V ǫ which are solutions to Eqs. (17) and (18) . Then τ q , V ǫ together with ω i , U q define a Lie pseudo-group on a manifold 
is referred to as a contact integrable extension (cie) of the structure equations of Cont(E) if ( Since (19) is integrable extension, Cartan's theorem yields existence of the forms ω q satisfying (19) . From [3, Ch. IV, Prop. 5.10] it follows that the forms ω q define a system of pdes. This system is a covering for E.
We apply this construction to the structure equations (41) and (42) of the symmetry pseudo-group of the r-th mdKP equation. We restrict our analysis to cies of the form
where * means summation for all i, j ∈ N such that 1 ≤ i ≤ j ≤ 3, (i, j) = (3, 3), and consider two cases: 1) the coefficients A i to G j in (20) depend on the invariants of the symmetry pseudo-group of Eq. (10) only, i.e., on the U and V when κ = −1 and on U when κ = −1;
2) the coefficients A i to G j depend also on one additional invariant, say W . In this case, the differential of this new invariant satisfies the following equation
where the coefficients H i to L q are functions of U, V , W when κ = −1 or of U and W when κ = −1.
The requirements of Defintions 1 and 3 yield over-determined systems for the coefficients A i to G j in the first case and A i to L q in the second case. The results of analysis of these systems are summarized in the following theorems. Theorem 1. Let κ = −1 and suppose that the coefficients A i to G j in (20) depend on the invariants U, V defined by (11) and (12) . Then cie (20) of (41) is contact-equivalent to the following equation:
Theorem 2. For κ ∈ {−3, −1} suppose that the coefficients A i to G j in (20) and H i to L q in (21) depend on the invariants U, V , and W , where U and V are defined by (11) , (12) . Then cie (20) , (21) of (41) is contact-equivalent to the following equations:
In the case of κ = −3, every cie (20), (21) of (41) is contact-equivalent either to (23) , (24) or to the following equations:
Theorem 3. In the case of κ = −1 there are no cies of (42) with the coefficients A i to G j depending on the invariant U from (14) only. Every cie (20) , (21) of (42) whose coefficients A i to L q depend on U and W is contact-equivalent to the following equations:
Since forms (13) in (22) - (26) and forms (16) in (27), (28) are known, it is easy to find the forms ω 0 explicitly: Theorem 4. We have the following solutions to Eqs. (22) , (23) , (25) , and (27) up to a contact equivalence: 1) Eq. (22) yields
2) Integrating Eqs. (23) , (24) yields the following results: when κ ∈ {−2, − , −1}, we have
when κ = −2, we have
and when κ = − 3 2 , we have
3) From Eqs. (25) , (26) we get
4) Eqs. (27) , (28) give
Forms (29) - (34) define infinite-dimensional coverings of Eq. (10) with the fibre variables v j , j ∈ N ∪ {0}, and the following extended total derivatives, respectively:
The covering (36) was found in the cases of κ = 0 and κ = 1 in [9] and [21] , respectively. The covering (40) was found in [11] . In [36] , we construct the coverings (35) , (36) for κ ∈ {−2, − 3 2 , −1}, and the covering (40) by means of another technique. Another covering of Eq. (10) in the case of κ = −1 was found in [36] , too. As far as we know, the coverings (37), (38) , and (39) are new.
Conclusion
We have shown that the approach based on the contact integrable extensions allows one to derive coverings of pdes with three independent variables from mc forms of their symmetry pseudo-groups. We hope that this technique will be effective in studying a wide variety of pdes with large symmetry pseudo-groups. Two important problems require further exploration. The first one is a connection between the restrictions like (20) for the form of a cie and the number of the additional invariants with structure properties of the symmetry pseudo-groups. The second task is a refinement of the analysis of over-determined systems of pdes for the coefficients of cies by means of Cartan's method. We hope to address these problems in future papers. 
